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Abstract: Magnetic quivers and Hasse diagrams for Higgs branches of rank 1 4d N = 2
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originating from higher dimensions, which are addressed.
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1 Introduction
Coulomb branches of 4d N = 2 gauge theories and superconformal field theories (SCFTs)
are well studied objects. Their geometrical properties were first studied in [1, 2]. Amongst
the 4d N = 2 theories, SCFTs hold a special place. A crude estimate of their complexity is
provided by the complex dimension of the Coulomb branch, called the rank of the SCFT.
The classification of all 4d N = 2 SCFTs based on all possible Coulomb branch geometries
is a long standing problem. It has been addressed systematically for rank 1 theories in
[3–6]. A nice feature of some of these SCFTs is the existence of an enhanced Coulomb
branch. In this case the pure Coulomb branch of the theory is contained as a subvariety
in a mixed branch, which is called the enhanced Coulomb branch. This implies that there
is a partial Higgsing from a rank 1 SCFT with an enhanced Coulomb branch, to a rank 1
SCFT where the Coulomb branch is not enhanced [7].
(Classical) Higgs branches of Lagrangian 4d N = 2 theories are constructed through
the hyper-Ka¨hler quotient [8–10]. However, when the theory is non-Lagrangian, different
methods are needed. A 3d N = 4 theory may have a 3d mirror theory [11]. In this
case computing the Higgs branch of one theory corresponds to computing the Coulomb
branch of the other theory and vice versa. A powerful tool to compute the Higgs branch
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of a theory with 8 supercharges in any dimension1, is through the use of magnetic quivers
[12, 15–22]. A crucial ingredient in deriving such quivers is the usage of non-simply laced
quivers, whose Coulomb branches were first computed in [23]. This note is dedicated to the
study of magnetic quivers for rank 1 4d theories, and some sequences they naturally fall
into. In this case the non-simply laced magnetic quivers can be obtained from the folding
of simply laced magnetic quivers [24–28], which arise in the context of five dimensional
theories. This can be deduced from a brane web picture. The Higgs branches of some of
the theories were previously studied through different methods in [29–31].
Any proposed magnetic quiver is constrained by conditions on global symmetry, rank
of gauge groups, scaling dimension of the operators in the Coulomb branch, as well as
the identification of the Zk S-folds with k-folded non-simply laced edges. It turns out,
these conditions are restrictive enough to determine a candidate magnetic quiver. The
Coulomb branch Hilbert series and Hasse diagrams of the magnetic quivers are consistent
with previous computations. We also provide the Hasse diagrams for the full moduli space
of these theories in 3 dimensions. Hasse diagrams for the full moduli space of 4d N = 2
theories are discussed in [32, 33] and for 4d N = 3 theories in [34].
2 Rank 1 N = 2 SCFTs
We begin with a brief review of the classification of these theories [3–6, 35]. It is a geometric
classification, based on the geometry of the Coulomb branch C, which by definition is a
complex singular space of dimension 1. In the case where there is no enhanced Coulomb
branch, at a generic point on C the theory is a free U(1) gauge theory, and interesting
physics emerges at singular points. Scale invariance indicates that the singular locus is
reduced to a single point, which we take to be the origin O of the Coulomb branch. On
the non simply connected regular locus C − {O}, the locally trivial physics undergoes non-
trivial topological effects, incarnated by a non-trivial monodromy in the electromagnetic
duality group SL(2,Z). Scale invariance constrains the geometry of the Coulomb branch
to be one of those listed in the left part of Table 1. These geometries can be characterized
by their Kodaira type [36]
K ∈ {II∗, III∗, IV ∗, I∗0 , IV, III, II} . (2.1)
When there is an enhanced Coulomb branch, on a generic point of the Coulomb branch
there are also d > 0 hypermultiplets which can take vacuum expectation values, parametriz-
ing a geometry which can be globally non-trivial (in the rank 1 case, studied in this paper,
these take the form of orbifolds hd,k, see Appendix A).
The geometry of the scale-invariant geometry C is not sufficient to fully characterize
the SCFT: one also needs to understand possible N = 2 preserving mass deformations.
These deformations break conformal invariance, so the geometry after deformation does not
need to contain a single singular point. Rather, it contains a finite number of singularities
1Note that dimensional reduction to 3 dimensions is not necessary to obtain a magnetic quiver [12].
Furthermore some 3d theories do not have a 3d mirror, but they have several magnetic quivers [13, 14].
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Geometry K [u] Z1 Z2 Z3 Z4 Z6
II∗ 6 E8 C5 A3 o Z2 A2 o Z2
III∗ 4 E7 C3A1 A1U1 o Z2 U1 o Z2
IV ∗ 3 E6 C2U1 U1 ∅
I∗0 2 D4χ0 C1χ0
IV 32 A2χ 12
III 43 A1χ 23
II 65 χ 45
Table 1. Left: List of the seven singular Coulomb branch geometries at rank 1. These are freely
generated, and [u] is the scaling dimension of the generator. Right: List of 4d N = 2 rank 1 SCFTs
(IR-free theories are omitted). Each entry represents one theory, labeled by its flavor symmetry.
In the rest of the paper, for conciseness we ignore the discrete Z2 in the naming of the theories.
The symbol χδ signals the existence of a chiral deformation parameter of scaling dimension δ. The
magnetic quivers for the theories of the Zk column involve k-laced edges. The theory in blue is
N = 4 SYM with gauge group SU(2). Theories in green are N = 3 S-fold theories [38].
which can be characterized by a finite set of Kodaira classes. The deformation parameters
are invariant under (the Weyl group of) a flavor symmetry F . There can also be chiral
deformation parameters. Barring the issue of discrete gauging [37], a pair [K,F ] entirely
identifies a 4d N = 2 rank-1 SCFT. For instance, the su(2) gauge theory with Nf = 4 has
K = I∗0 (which can be deformed to {I61}), F = D4 and has an exactly marginal deformation
parameter.
The classification gives a list of 17 rank 1N = 2 SCFTs (not counting IR-free theories).
It turns out they can be uniquely identified by the flavor symmetry F , and in the following
we use this flavor symmetry to label the theories. The list of 17 SCFTs is presented in
the right part of Table 1. Alternatively, the theories can be obtained from Zk N = 2 S-
fold constructions [7], from the compactification of (1, 0) 6d SCFTs with non-trivial global
symmetry background [31], or from Zk twisted compactification from 5d N = 1 SCFTs, as
detailed in Section 4. This is the reason for the organization into rows and columns: the
row gives the geometry of the Coulomb branch in the singular limit, and the column gives
the Zk group.
3 Magnetic quivers
In this section, the magnetic quivers Q of the 4d N = 2 rank 1 SCFTs are presented. The
3d N = 4 Coulomb branches of the magnetic quivers are equal to the Higgs branches of the
rank 1 SCFTs. As given in Table 2, the magnetic quivers are non-simply laced. Hence the
framing, called ungauging scheme in [39], has to be prescribed. It is indicated by a squircle
(gauge node with a box around it). When the non-simply laced quiver is ungauged on a
long node in the sense of a long root in a Dynkin diagram, it does not matter which of the
long nodes is chosen. This is a remnant of the ‘Crawley-Boevey trick’ [40] for simply laced
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Rank 1 SCFT Magnetic quiver
C5
43 5 21 2
C3 ×A1
21 3 2 1
C2 × U1
1 2
1
1
A3
3 421
A1 × U1
1 2 1
A2
2 31
Table 2. The magnetic quivers of 4d N = 2 rank 1 theories with enhanced Coulomb branches
(labeled by their global symmetry).
quivers, i.e. the freedom to change between framed and unframed simply laced quivers. In
the case of simply laced quivers there is no need to denote an ungauged node.
The magnetic quivers of the 4d N = 2 theories in question can be obtained from
magnetic quivers of 5d N = 1 theories compactified with a Zk twist. In this case one starts
with the magnetic quiver Q′ of the 5d theory, which contains k identical simply-laced legs,
and obtains the magnetic quiver Q of the 4d N = 2 theory by folding the k legs of Q′:
Fk : Q′ 7→ Q (3.1)
where Fk is the action of folding k identical legs. Remarkably, most of the 5d theories in
question are all well known, simple theories.
Hilbert series and chiral ring. The Coulomb branch Hilbert series and refined plethys-
tic logarithm (PL) of Q are given in Table 3. The refined PL encodes information on the
generators of the chiral ring and their relations [41]. The first few positive terms are rep-
resentations of the generators whereas the first few negative terms are the representations
of the relations. Higher order terms are often higher syzygies. The terms at order t2
transform in the adjoint representations of the global symmetry group [42].
The C5, C3×A1, and C2×U1 magnetic quivers can be derived from 5d N = 1 SQCD
magnetic quivers Q′ through folding [12], as detailed in Section 4 below. Therefore, one
can expect that the highest order relations exist at order t4∆B where ∆B = 3/2 is the
conformal dimension of the baryonic/instanton generators, see for example [12, Sec. 2.2].
As a result, there should be no relations beyond t6. This is consistent with the fact that
there are no negative terms in the PL at order t7 and t8. At higher orders, negative terms
reemerge in the form of higher syzygies, i.e. relations between relations [41]. As a result,
for these three families, all the generators and relations can be seen in Table 3.
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Rank 1
SCFT
Hilbert series Refined PL[HS]
C5
 1 + 2t+ 40t
2 + 194t3 + 1007t4 + 4704t5 + 18683t6 + 67030t7 + 220700t8 + 657352t9 + 1796735t10
+4540442t11 + 10610604t12 + 23011366t13 + 46535540t14 + 87887734t15 + 155277056t16
+257288236t17 + 400453203t18 + 585971786t19 + 807195575t20 + 1047954388t21
+1282842123t22 + 1481462886t23 + 1615002952t24 + 1662191888t25 + · · · palindrome · · ·+ t50

(−1 + t)32(1 + t)18(1 + t+ t2)16
t2 : [20000]
t3 : [00001]
t4 : −[01000]
t5 : −[10010]
t6 : −[00200]− [20000] + [01000]
C3 ×A1
(
1 + 2t+ 17t2 + 66t3 + 205t4 + 572t5 + 1415t6 + 2914t7 + 5368t8 + 8874t9 + 12992t10
+16856t11 + 19865t12 + 21032t13 + 19865t14 + 16856t15 + 12992t16 + 8874t17 + 5368t18
+2914t19 + 1415t20 + 572t21 + 205t22 + 66t23 + 17t24 + 2t25 + t26
)
(−1 + t)16(1 + t)10(1 + t+ t2)8
t2 : [000; 2] + [200; 0]
t3 : [001; 2]
t4 : −[000; 0]− [010; 0]
t5 : −[001; 2]− [001; 0]− [110; 2]
t6 : −[000; 2]− [002; 0]− [020; 2]
− [200; 4]− [200; 0] + [010; 0]
C2 × U1 (
1 + 2t+ 8t2 + 20t3 + 41t4 + 62t5 + 87t6 + 96t7 + 87t8 + 62t9 + 41t10 + 20t11 + 8t12 + 2t13 + t14 )
(−1 + t)8(1 + t)6(1 + t+ t2)4
t2 : [00] + [20]
t3 : (1/q + q)[01]
t4 : −[00]− [01]
t5 : −(q + 1/q)([01] + [20])
t6 : −(1 + q2 + 1/q2)[00] + [01]
− [02]− [20]
A3
(
1− t+ 10t2 + 23t3 + 67t4 + 190t5 + 525t6 + 1053t7 + 2292t8 + 4167t9 + 7299t10
+11494t11 + 17114t12 + 23080t13 + 29925t14 + 35107t15
+39221t16 + 40320t17 + · · · palindrome + · · ·+ t34
)
(−1 + t)18(1 + t)10(1 + t2)5(1 + t+ t2)7
t2 : [101]
t3 : [003] + [300]
t4 : [030]
t5 : −[011]− [110]
t6 : −[000]− [022]− [101]− [111]− [202]
− [220]
t7 : [001]− [003] + [100]− [112]− [122]
− [211]− [221]− [300]
t8 : −[000] + [002] + [012]− [020] + [022]
− [040] + 2[101] + [103] + 2[111] + [200]
+ [210] + [220]− [222] + [301]
A1 × U1
(1− t+ t2)(1 + 2t2 + 4t3 + 4t4 + 4t5 + 2t6 + t8)
(−1 + t)6(1 + t)2(1 + t2)(1 + t+ t2)3
t2 : [2] + [0]
t3 : (q + 1/q)[3]
t4 : (q2 + 1/q2)[0]
t5 : −(q + 1/q)[1]
t6 : −[0]− (1 + 1/q + q)[2]− [4]
t7 : −(q + 1q )[3]
t8 : −[0] + (2 + q2 + 1q2 )[2] + [4]
A2
( 1 + 3t2 + 31t4 + 55t6 + 156t8 + 132t10 + 156t12 + 55t14 + 31t16 + 3t18 + t20 )
(−1 + t)10(1 + t)10(1 + t2)5
t2 : [11]
t4 : [04] + [40]
t6 : −[12]− [21]
t8 : −[00] + [01]− [04] + [10]− [11]
− [22]− [24]− [33]− [40]− [42]
Table 3. Higgs branch Hilbert series of the 4d N = 2 SCFTs (labeled by their global symmetry)
as well as the refined plethystic logarithm (PL).
In contrast, the A3, A1 × U1, and A2 rank 1 SCFTs originate from folding more
complicated magnetic quivers. For example, the A3 magnetic quiver comes from the folding
of the T4 theory which has a diverse set of chiral ring relations [43]. Therefore, only some
of the relations (up to t8) are listed in Table 3.
Hasse diagrams. The Higgs branch Hasse diagrams [44] for the 4d N = 2 rank 1
theories with enhanced Coulomb branch are provided in Tables 4 to 9. The Higgs branches
are symplectic singularities and, therefore, their geometric structure can be encoded in a
Hasse diagram which details the symplectic leaves and transverse slices. To explore the
Higgs branch of the rank 1 theories, one can study the 3d N = 4 Coulomb branch of their
magnetic quivers. For the Hasse diagrams presented below, the quivers to the right are
magnetic quivers whose Coulomb branch are closures of the symplectic leaves labeled by
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the symbol •. The transverse slice between neighboring leaves is called an elementary slice
and is labeled by a line segment. The elementary slices are also symplectic singularities
and can be identified with the Coulomb branch of a quiver listed on the left of the line
segment. The Hasse diagrams for the Higgs branches of the theories in the Z1 column of
Table 1 are simple, as the Higgs branches are closures of minimal nilpotent orbits, and are
not discussed below.
In [44–46], the elementary slices are taken to be either closures of minimal nilpotent
orbits or Kleinian singularities. Quivers that are weighted affine Dynkin diagrams have
Coulomb branches that are closures of minimal nilpotent orbits, see for example [44, Tab.
(12)] for a list. In Table 12 several new non-simply laced quivers, whose Coulomb branches
are also closures of minimal nilpotent orbits, are presented. These quivers are necessary
in performing quiver subtraction on the rank 1 magnetic quivers and their families as in
Section 4. These new quivers arise as the n = 1 members of the families presented in
Section 4. Furthermore, new conjectured elementary slices, denoted as hd,k, of the form of
Hd/Zk orbifolds with U(d) global symmetry (or Sp(d) for k = 2), are presented in Appendix
A.
The Hasse diagram is constructed by taking the magnetic quiver of the rank 1 theory,
at the top of the diagram, and subtracting the quiver of the elementary slice. The resulting
quiver has a Coulomb branch that is the closure of the minimal degeneration, i.e. the
leaf below. The prescription for quiver subtraction is detailed in [44–46]. This process is
repeated until one reaches the bottom/trivial leaf.
When performing quiver subtraction on non-simply laced quivers it is important to
align the squircles of the magnetic quiver and the slice to be subtracted. For example, one
cannot subtract a quiver where the squircle is on a short node from a quiver where the
squircle is on a long node and vice-versa.
[7, Eq. (36), Eq. (86)] makes a prediction of the dimension d of the lower slice in the
Hasse diagram. This is in full agreement with the results of this section. Also, [7] correctly
identifies that away from the origin the moduli space looks flat, which is consistent with
the fact that all lower slices are orbifolds of Hd. Applying [7, Eq. (86)] to the green and
blue parts of Table 1 gives d = 1. This is consistent with the observed property that
these cases have accidentally enhanced supersymmetry, and that these spaces have Hasse
diagrams with only 2 leaves as opposed to 3 for the other cases. Naturally, all these cases
fit into infinite families on their own merit and are presented in Table 13. Following [47]
we conjecture the Hasse diagram of the full moduli space of the rank 1 theories, in 3
dimensions. We now turn to the analysis of each individual case.
3.1 C5 rank 1 SCFT
The global symmetry for this theory is C5, the dimension of the Higgs branch is 16, and
there is a generator of the chiral ring at [00001]C5 and scaling dimension 3/2. These facts
lead to a guess for a magnetic quiver among the minimally unbalanced quivers of [48],
where the unbalanced node is attached to the last node. Luckily, the dimension of this
moduli space is indeed 16 and the imbalance indeed leads to a scaling dimension 3/2. The
Hilbert series for the C5 theory, see Table 3, is consistent with the prediction in [31, Sec.
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Hasse diagram for the Hasse diagram for the full
Higgs branch of the 4d theory moduli space of the 3d theory
e6
c5
43 5 21 2
32 4 21
11 11 1
1
11 11 1
1
1
c5
E6
e6
E6h5,2 = c5
Table 4. C5 theory. Left: Hasse diagram for the Higgs branch of the 4d N = 2 rank 1 theory.
To the right of the Hasse diagram are the magnetic quivers for the closures of the leaves and to the
left are magnetic quivers for the slices. This Hasse diagram is already explored in [44, 47]. Right:
Hasse diagram for the full moduli space of the theory in 3d N = 4.
2.1] obtained by compactifying on a torus with a non-trivial flavour background of the 6d
N = (1, 0) SCFT, which is the UV completion of an SU(2) gauge theory with 10 flavours.
The Hasse diagram is given in Table 4 for the Higgs branch of the 4d N = 2 rank
1 theory as well as the full moduli space of the 3d N = 4 theory. Notice that the pure
Coulomb branch is the leftmost point in the right diagram, which is the geometry H/E6
(Klein singularity of type E6). This is included as a subvariety in the enhanced Coulomb
branch, with transverse slice c5 = h5,2 = H5/Z2. This inclusion is the geometric translation
of the fact that, in the notation of Section 2, the 4d Coulomb branch which is of Kodaira
type II∗ (with symmetry E8) admits deformations to {I61 , I4} and not {I101 } as would be
the case for the E8 theory in Table 1.
3.2 C3 ×A1 rank 1 SCFT
The computation in Table 3 agrees with the Hilbert series computation in [30, Eq. (40)].
The approach is as follows: The Higgs branches of the 5d N = 1 theories T2 and T3 have
a Z2 symmetry that we can twist by. Both of the resulting Higgs branches, TZ2twisted2 and
TZ2twisted3 , have an SU(2) isometry subgroup. Hence, the diagonal SU(2) can be gauged
such that the resulting Higgs branch, TZ2twisted2 ×SU(2)TZ2twisted3 , becomes the Higgs branch
of the C3×A1 rank 1 SCFT. Consequently, the Higgs branch is given by the hyper-Ka¨hler
quotient
H (C3 ×A1 SCFT) =
(
H
(
TZ2twisted2
)
×H
(
TZ2twisted3
))
///SU(2) . (3.2)
One can equivalently perform this gauging process from the point of view of magnetic
quivers. The F2 folding of the magnetic quivers for the 5d N = 1 theories T2 and T3
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proceeds as follows:
T3
1 2 3 2 1
2
1T2
1 2 1
1
F2 F2
1 112 2 23 1
C C
= H4
= Of4min
C C
= H3
= Oe6min
(3.3)
The folded theories, with the U(1) ungauged on a long node, have Coulomb branches H3
with Sp(3) global symmetry and the closure of the minimal nilpotent orbit of F4 respec-
tively. Following the prescription in [18], the gauging of an SU(2) subgroup of the Coulomb
branch global symmetry of the two magnetic quivers is performed as follows:
1 11 2 2 23 1
SU(2) SU(2)
Gauge SU(2)
23 11 2
C = H(C3 ×A1 SCFT)
(3.4)
which provides the magnetic quiver of the C3 ×A1 theory.
The Hasse diagram for the Higgs branch of this 4dN = 2 rank 1 theory is given in Table
5. As detailed in [44], the non-abelian part of the global symmetry of a magnetic quiver
can be identified by taking the product of the global symmetry of the slices connected to
the trivial leaf {1}. In this case, however, there is only one such slice which is the minimal
nilpotent orbit c3. The absence of an A1 slice connecting to the trivial leaf may indicate
additional rules required for quiver subtraction of non-simply laced quivers or that only a
subgroup of the global symmetry can be read off from the Hasse diagram. The full moduli
space of the 3d N = 4 theory is also tabulated in Table 5.
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Hasse diagram for the Hasse diagram for the full
Higgs branch of the 4d theory moduli space of the 3d theory
d4
c3
21 3 2 1
1 2 2 1
1 11
1
1 11
1
1
c3
D4
d4
h3,2 = c3 D4
Table 5. C3 × A1 theory. Left: Hasse diagram for the Higgs branch of the 4d N = 2 rank 1
theory. To the right of the Hasse diagram are the magnetic quivers for the closures of the leaves
and to the left are magnetic quivers for the slices. Right: Hasse diagram for the full moduli space
of the theory in 3d N = 4.
3.3 C2 × U1 rank 1 SCFT
For this case we note that the global symmetry is C2 × U1 and there is a simple way of
getting the magnetic quiver by attaching 2 nodes of 1 to the C2 quiver as in Table 2. Nicely
enough this guess verifies that the dimension is 4 and the two generators in the chiral ring
are in [01]C2 with scaling dimension 3/2 and U(1) charges ±1, respectively. The Hilbert
series results of Table 3 agree with [49, Sec. 3.3] which obtain the rank 1 theory as the class
S theory of a sphere with a minimal untwisted A2 puncture and two maximal twisted A2
punctures connected with a cylinder with a Z2 twist line.
The Hasse diagram is given in Table 6 for the Higgs branch of the 4d N = 2 rank 1
theory as well as the full moduli space of the 3d N = 4 theory.
3.4 A3 rank 1 SCFT
For this case, the global symmetry and the Z3 twist lead to a very natural guess of folding
a theory that has an SU(4)3 global symmetry. There is a very natural candidate for such a
theory. The so called T4 theory. This leads to the guess as in Table 2. This guess is verified
by a set of consistency checks like the dimension of the Higgs branch, the generators in the
chiral ring, etc. The Hilbert series in Table 3 is consistent with the prediction of [50, Eq.
5.7] obtained by a class S construction of compactifying a Z3 twisted D4 theory. Moreover,
the result also agrees with the prediction in [31, Sec. 2.2] obtained by compactifying on a
torus with a non-trivial flavour background of the 6d N = (1, 0) SCFT, which is the UV
completion of an SU(3) gauge theory with 12 flavours.
The Hasse diagram is given in Table 7 for the Higgs branch of the 4d N = 2 rank 1
theory as well as the full moduli space of the 3d N = 4 theory.
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Hasse diagram for the Hasse diagram for the full
Higgs branch of the 4d theory moduli space of the 3d theory
a2
c2
1 2
1
1
1
1
1
1 1
1
1 1
1
1
c2
A2
a2
h2,2 = c2 A2
Table 6. C2 × U1 theory. Left: Hasse diagram for the Higgs branch of the 4d N = 2 rank 1
theory. To the right of the Hasse diagram are the magnetic quivers for the closures of the leaves
and to the left are magnetic quivers for the slices. Right: Hasse diagram for the full moduli space
of the theory in 3d N = 4.
Hasse diagram for the Hasse diagram for the full
Higgs branch of the 4d theory moduli space of the 3d theory
3 421
2 31
d4
1 111
1
1 111
1
h4,3
1
h4,3
D4
d4
h4,3 D4
Table 7. A3 theory. Left: Hasse diagram for the Higgs branch of the 4d N = 2 rank 1 theory.
To the right of the Hasse diagram are the magnetic quivers for the closures of the leaves and to
the left are magnetic quivers for the slices. Right: Hasse diagram for the full moduli space of the
theory in 3d N = 4.
3.5 A1 × U1 rank 1 SCFT
The global symmetry of the Coulomb branch of a quiver can be read from the balance of its
nodes. The low rank of the global symmetry for this SCFT places a very strong restriction
on the form of the quiver. The twist is Z3, implying that there should be a triply-laced
edge. These conditions make the magnetic quiver in Table 2 a very natural guess.
In addition, we also conjecture an explicit construction of the Higgs branch using a
– 10 –
hyper-Ka¨hler quotient. We check that these two independent descriptions of the Higgs
branch are consistent, by computing the Hilbert series in both cases and find perfect
agreement.
The Higgs branch of the A1×U1 SCFT is conjectured to be given by the hyper-Ka¨hler
quotient:
H (A1 × U1 SCFT) =
(
OminG2 ×H2 × C2/Z2
)
///SU(2) . (3.5)
Explicitly, we first take the refined Hilbert series HSOminG2
(x1, x2, t), where x1, x2 are the
fundamental weight fugacities of G2 and decompose it with respect to the branching G2 →
SU(2)×SU(2). The resulting Hilbert series is HSOminG2 (y, z, t) where y and z are the weight
fugacities of SU(2)× SU(2) and is given in [51, Tab. 10]. The H2 theory can be described
by the Higgs branch of [SU(2)] − [O2] with Hilbert series HSH2(z, q, t), where z is the
fugacity for SU(2) and q is the fugacity for O(2). The hyper-Ka¨hler quotient then takes
the form:
HSA1×U1(y, q, t) =
∮
SU(2)
dµSU(2)HSOminG2
(y, z, t)HSH2(z, q, t)HSC2/Z2(z, t)
· (1− z2t2)
(
1− 1
z2
t2
)
(1− t2)
(3.6)
which is consistent with the result in Table 3. Following an analagous gluing process in
(3.4), one would expect:
H2 C2/Z2
1
Gauge SU(2)
1 2
OminG2
1 1 2
1 2
11
(3.7)
Although exactly how to do this gluing process as an action on magnetic quivers is unclear.
The Hasse diagram is given in Table 8 for the Higgs branch of the 4d N = 2 rank 1
theory as well as the full moduli space of the 3d N = 4 theory. This Hasse diagram is given
in Table 9 for the Higgs branch of the 4d N = 2 rank 1 theory as well as the full moduli
space of the 3d N = 4 theory.
3.6 A2 rank 1 SCFT
For this case we repeat the guess which is made for the A3 theory, with adaptation of the
details. The twist is Z4, implying that there should be 4 identical legs, each with an SU(3)
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Hasse diagram for the Hasse diagram for the full
Higgs branch of the 4d theory moduli space of the 3d theory
A1
h2,3
1 2 1
1 1
11 1
1 1
1
1
h2,3a1
A1
h2,3 a1
Table 8. A1 × U1 theory. Left: Hasse diagram for the Higgs branch of the 4d N = 2 rank 1
theory. To the right of the Hasse diagram are the magnetic quivers for the closures of the leaves
and to the left are magnetic quivers for the slices. Right: Hasse diagram for the full moduli space
of the theory in 3d N = 4.
Hasse diagram for the Hasse diagram for the full
Higgs branch of the 4d theory moduli space of the 3d theory
a2
h3,4
2 31
1 2
1 11
1
1 11
1
1
h3,4
A2
a2
h3,4 A2
Table 9. A2 theory. Left: Hasse diagram for the Higgs branch of the 4d N = 2 rank 1 theory.
To the right of the Hasse diagram are the magnetic quivers for the closures of the leaves and to
the left are magnetic quivers for the slices. Right: Hasse diagram for the full moduli space of the
theory in 3d N = 4.
global symmetry. Folding this quiver leads to the magnetic quiver in Table 2. The Hilbert
series results of Table 3 are consistent with the prediction in [31, Sec. 2.3] obtained by
compactifying on a torus with a non-trivial flavor background of the 6d N = (1, 0) SCFT,
which is the UV completion of an SU(4) gauge theory with 12 flavours in the fundamental
representation and one flavour in the antisymmetric representation.
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3.7 H/Zk rank 1 SCFTs
For completeness, consider four more rank 1 theories whose Higgs branches are H/Zk
orbifolds with k = 2, 3, 4, 6. The magnetic quivers take the unified form:
k
1 1
(3.8)
where k denotes the multiplicity of hypermultiplets. The Hilbert series is well known, see
for instance [52]:
HS(3.8) =
1− t2k
(1− t2)(1− tkq)(1− tk/q) . (3.9)
The Coulomb branch global symmetry is SU(2) for k = 2 where the generators are all
at order t2 transforming as [2]A1 and a singlet relation at order t
4. The Coulomb branch
global symmetry is U(1) for k > 2, with a singlet generator at order t2, and q + 1q gener-
ators at order tk satisfying a singlet relation at order t2k. These are consistent with the
results in Table 1. The U(1) global symmetry is a remnant of the accidental enhanced
supersymmetry. The moduli space consists of 3 complex scalars, with a starting SO(6)
global symmetry. These are the 6 transverse scalars to a D3 brane probe. Complexification
breaks the symmetry to U(3), out of which SU(3) is an R symmetry. We are left with a
U(1) which is the symmetry that is observed for the orbifold cases k = 3, 4, 6. The extra
enhancement of symmetry for the case of k = 2 is a signal of the additional enhancement
of supersymmetry to 16 supercharges.
4 Higher rank magnetic quivers from 5d N = 1 theories
The magnetic quivers for rank 1 theories can be derived by taking magnetic quivers of 5d
N = 1 theories and folding them. The relevant 5d theories are summarised in Table 10 with
each of them extended to a general family. The folding of k legs of the magnetic quivers
of the 5d theories is directly related to the compatification of these 5d theories with a Zk
twist discussed in [30, 31]. The folded theories are listed in Table 11. We also provide the
Higgs branch dimension of the magnetic quivers and, where possible, the refined Hilbert
series expressed as a highest weight generating function (HWG)2[53]. For a given family
the parametrisation is chosen such that after folding :
– n = 0 one obtains a magnetic quiver for flat space Hl for some l. The folded quivers
are given in Table 12.
– n = 1 one obtains a magnetic quiver for a rank 1 theory without enhanced Coulomb
branch, they are closures of minimal nilpotent orbits of some algebra. The folded
quivers are given in Table 12.
2The HWG here are expressed as a plethystic logarithm (PL) which allows one to express the rational
function in an elegant polynomial form. This PL of the HWG is not to be confused with the PL of the
Hilbert series where the positive and negative terms encode the generators and relations in the chiral ring.
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– n = 2 one obtains a magnetic quiver for a rank 1 theory with enhanced Coulomb
branch, which partially Higgses to the theory with the n = 1 magnetic quiver. These
are the quivers of main interest in this paper and are given in Table 2.
– n > 2 one obtains a magnetic quiver for a higher rank theory, which can be Higgsed
to the n = 2 and n = 1 case, and possibly other theories. These are tabulated in
Table 11.
Before folding, all but one family of magnetic quivers are either star shaped quivers, such
as TN , or those found in [19]. These are given in Table 10 and summarised as:
• The Cn+3 family (n = 2 case gives the C5 rank 1 SCFT) comes from folding the E7
family, which are the magnetic quiver of 5d N = 1 SU(n + 1)0 SQCD with 2n + 4
flavours. The magnetic quivers here describe the Higgs branch of the 4d SCFTs
generated by compactifying the 5d SCFT lifts of these N = 1 SQCD theories to 4d
with a Z2 twist. An alternative construction is as the compactification of the 6d
N = (1, 0) SCFT completion of the USp(2n−2) gauge theory with 2n+6 flavours on
a torus with a non-trivial flavour background. For n odd, these can be identified as
class S theories associated with the compactification of the Dn+5
2
(2, 0) theory on a
sphere with two twisted maximal punctures and one untwisted minimal puncture [31].
For n even, these can also be identified with class S theories, though the identification
is slightly more involved, see [31, Sec. 3.1.2].
• The Cn+1×A1 family (n = 2 case gives the C3×A1 rank 1 SCFT) comes from folding
the two long tails and two short tails of the magnetic quiver for 5d N = 1 SU(n+1)0
SQCD with 2n+ 2 flavours. The magnetic quivers here describe the Higgs branch of
the 4d SCFTs generated by compactifying the 5d SCFT lifts of these N = 1 SQCD
theories to 4d with a Z2 twist. For n odd, these can be identified as class S theories
associated with the compactification of the Dn+3
2
(2, 0) theory on a sphere with two
twisted maximal punctures and one untwisted puncture of type [n, 13] [30]. For n = 4
the theory seems to match [54, p. 53, #15] up to free hypermultiplets.
• The Cn ×U1 family (n = 2 case gives the C2 ×U1 rank 1 SCFT) comes from folding
(the two long tails) of the magnetic quiver of one of the two cones of the 5d N = 1
SU(n + 1)0 SQCD theory with 2n flavours. The magnetic quivers here describe
the Higgs branch of the 4d SCFTs generated by compactifying the 5d SCFT lifts
of these N = 1 SQCD theories to 4d with a Z2 twist. For n even, these can be
identified as class S theories named R2,n that were introduced in [49]. These can
be constructed by the compactification of the An (2, 0) theory on a sphere with two
twisted maximal punctures and one untwisted minimal puncture. Alternatively, they
can also be constructed by the compactification of the A2n (2, 0) theory on a sphere
with one twisted maximal puncture and one twisted irregular puncture [55, 56].
• The An+1 family (n = 2 case gives the A3 rank 1 SCFT) comes from folding the three
legs of a Tn+2 theory. The magnetic quivers here describe the Higgs branch of the
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4d SCFTs generated by compactifying the 5d Tn+2 theories to 4d with a Z3 twist.
There is also an alternative construction involving the compactification of a family
of 6d N = (1, 0) SCFTs on a torus with a non-trivial flavour background. The exact
description of these SCFTs, in terms of, for instance, the low-energy gauge theory on
the tensor branch, is quite involved and can be found in [31, Sec. 3.2.2].
• The An−1 × U1 family (n = 2 case gives the A1 × U1 rank 1 SCFT) comes from
taking the extension of the magnetic quiver of the Tn theory with a U(1) connected
by a multiplicity 2 edge to the central U(n) node and folding the three long legs.
The magnetic quivers here describe the Higgs branch of the 4d SCFTs generated by
compactifying particular 5d SCFTs to 4d with a Z3 twist. The 5d SCFTs in question
can be conveniently described as the result of a Z3 symmetric mass deformation of
the 5d Tn+2 SCFTs.
• The An′ family (n = 2 case gives the A2 rank 1 SCFT) comes from folding all four legs
of the magnetic quiver for the Higgs branch of a class S theory defined by a sphere
with four maximal punctures. The magnetic quivers here describe the Higgs branch
of the 4d SCFTs generated by compactifying particular 5d SCFTs to 4d with a Z4
twist. The 5d SCFTs in question are the UV completions of the 5d gauge theories
made from a linear quiver of n SU(n+1) groups, connected via bifundamental hypers,
without Chern-Simons terms and with n+1 fundamental hypers for both edge groups.
These 5d SCFTs can be engineered in string theory through the intersection of n+ 1
D5-branes and n+ 1 NS5-branes. In order to read the magnetic quiver associated to
this brane web, one should impose the Z4 invariance when decomposing the web into
subwebs.
The Higgs branch dimension of the magnetic quivers dimH(H(Q′)) listed in Table 10 gives
indication of the complexity of the moduli space. For dimensions linear in n, the HWG
of the Coulomb branch has a simple expression. For those quadratic in n, the HWG is
complicated. This is also reflected in the simplicity of the Hasse diagrams as demonstrated
in Section 4.
Orbifolds H/Zk for k = 2, 3, 4, 6. Another pattern that emerges is the relation between
magnetic quivers before folding and 5d N = 1 SQCD theories of SU(n + 1)0 with Nf
flavours. In the Z2 column in Table 2, we start with the C5 theory with Nf = 2n + 4
and the flavor reduces by 2 when we go to the next row for C3 × A1 and another 2 for
C2 × U1. Following this, the C1 × χ0 (which is the H/Z2 orbifold) family should come as
the magnetic quiver of the n = 1 member of the family SU(n + 1)0 with 2n − 2 flavours.
The magnetic quiver of the 5d N = 1 theory takes the form:
n−1 n−2n−2
. . . . . .
11
1 1
(4.1)
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Family Unfolded Magnetic quiver Q′ dimH(H(Q′)) dimH(C(Q′)) PL(HWG(C(Q′)))
Cn+3
n+3 n+2n+2
. . . . . .
11
2
n n2 + 6n+ 10
n+2∑
i=1
µiµ2n+6−it2i + t4
+ µ2n+6(t
n+1 + tn+3)
Cn+1 ×A1
n+1 nn
. . . . . .
11
1 2 1
n n(n+ 2) + 4
n+1∑
i=1
µiµ2n+2−it2i + (ν21 + ν
2
2)t
2
+ t4 + ν1ν2µ2n+2(t
n+1 + tn+3)
− ν21ν22µ2n+1t2n+6
Cn × U1
n n−1n−1
. . . . . .
11
1 1
n n2 + 1
n∑
i=1
µiµ2n−it2i + t2 + µn(q
+ 1q )t
n+1 − µ2nt2(n+1)
An+1
n+2 n+1n+1
n+1
. . .
...
. . .
11
1
n(n+1)
2
1
2 (1 + n)(8 + 3n) Complicated
An−1 × U1
n n−1n−1
. . . . . .
11
...
1
n−1
1
n(n+1)
2
n(3n−1)
2 Complicated
An
′ n+1
nn
n
. . .
...
. . .
11
1
...
1
n
n2 n(2n+ 3) Complicated
Table 10. Magnetic quivers of 5d N = 1 theories. In the case of n = 2, folding these theories
reproduces the magnetic quivers of 4d N = 2 theories of Table 2. We provide the dimension of
both the Higgs branch H(Q′) and the Coulomb branch C(Q′) of the unfolded magnetic quivers. The
HWGs are given in [12, 57]. The prime in the label of the last family is to distinguish it from the
fourth family.
The HWG reads
HWG(µi, t) = PE
[
n+1∑
i=1
µiµ2n−2−it2i + t2 + µn−1
(
q +
1
q
)
tn+1 − µ2n−1t2n+2
]
(4.2)
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Family Magnetic quiver Q dimH(C(Q)) PL(HWG(C(Q)))
Cn+3 n+2
. . .
1 n+3 2
(n+3)(n+4)
2 + 1
n+2∑
i=1
µ2i t
2i + t4 + µn+3(t
n+1 + tn+3)
Cn+1 ×A1 n
. . .
1 n+1 2 1
(n+1)(n+2)
2 + 2
n+1∑
i=1
µ2i t
2i + ν2t2 + t4 + ν2µn+1(t
n+1
+ tn+3)− ν4µ2n+1t2n+6
Cn × U1
n−1
. . .
1 n
1
1
n(n+1)
2 + 1
n∑
i=1
µ2i t
2i + t2 + µn(q +
1
q )t
n+1
− µ2nt2(n+1)
An+1
n+1
. . .
1 n+2
(n+2)(n+3)
2 − 1 Complicated
An−1 × U1
n−1
. . .
1 n 1
n(n+1)
2 Complicated
An
′
n
. . .
1 n+1
(n+1)(n+2)
2 − 1 Complicated
Table 11. General quiver families obtained by folding the legs in the magnetic quivers Q′ in Table
10. In the case of n = 2 these families correspond to the magnetic quivers of 4d N = 2 rank
1 theories with enhanced Coulomb branch. For n > 1 the families are labelled by their global
symmetry. For n = 1 the magnetic quivers describe rank 1 theories without enhanced Coulomb
branch, and for n = 0 each of the moduli spaces is some Hl for a suitable l. The dimensions and
the HWGs of the Coulomb branches of the magnetic quivers C(Q) are provided.
and
dimHH(4.1) = n− 1 . (4.3)
Folding the quiver (4.1) yields the general family of the H/Z2 rank 1 theories is tabulated
in Table 13. Since the orbifold itself is a minimal nilpotent orbit, the n = 1 case gives
our desired H/Z2 theory. For the remaining orbifolds H/Zk with k = 2, 3, 4, 6, the general
family of quiver before folding will be (4.1) but with k multiplicity of hypermultiplets
between the two U(1) nodes and k long legs from 1 to n− 1. The folded quivers are listed
in Table 13. The n = 1 cases reduces to the H/Zk orbifolds.
Hasse diagram for general families. Some of the generalised families have simple and
linear Hasse diagrams, which are presented in Table 14. For the remaining three families
A3, A1×U1, and A2 (which do not come from folding a magnetic quiver of infinite coupling
SQCD in 5d) the Hasse diagrams are elaborate and are not detailed here. It can be noted,
that these are also the theories with complicated HWGs.
Similarly, we provide the Hasse diagram for the generalised family of H/Z2 in Table
14 as the other orbifold families have elaborate Hasse diagrams.
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Family
Case n = 1 Case n = 0
Magnetic quiver Moduli space Magnetic quiver Moduli space
Cn+3
32 4 21
OminE6 21 3 2 H
7
Cn+1 ×A1
1 2 2 1
OminD4 1 2 1 H
3
Cn × U1
1
1
1
OminA2
1
1
H
An+1
2 31
OminD4 1 2 H
2
An−1 × U1
1 1
OminA1 1 Trivial
An
′
1 2
OminA2 1 Trivial
Table 12. The n = 1 and n = 0 members of the general Families of Table 11, where the Coulomb
branches are closures of minimal nilpotent orbits and freely generated theories respectively. The
n = 1 cases correspond to rank 1 theories without enhanced Coulomb branch. Notice that the
global symmetry here does not match the labelling of the family.
Family Magnetic quiver Gglobal PL(HWG)
H/Z2
n−2
. . .
1 n−1
1
1
Cn−1 × U1
n−1∑
i=1
µ2i t
2i+t2+µn−1(q+ 1q )t
n+1
− µ2n−1t2n+2
H/Z3
n−2
. . .
1 n−1
1
1
An−2 × U1 Complicated
H/Z4
n−2
. . .
1 n−1
1
1
An−2 × U1 Complicated
H/Z6
n−21 n−1
1
1
. . . An−2 × U1 Complicated
Table 13. The n = 1 case of these families correspond to the magnetic quivers of 4d N = 2 rank
1 theories whose Higgs branch are H/Zk orbifolds for k = 2, 3, 4, 6.
5 Outlook
In this note we study Higgs branches of 4d N = 2 SCFTs through the use of magnetic
quivers. Due to recent work on understanding 3d N = 4 Coulomb branches, in all cases
these magnetic quivers can be guessed based on little information, such as global symmetry,
dimension, etc. of the Higgs branch of the SCFT. It is possible to compare these results
with previous work on compactifying higher dimensional theories to obtain said SCFTs.
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Cn+3 Cn+1 ×A1 Cn × U1 H/Z2
e6
c5
c6
...
cn+3
d4
c3
c4
...
cn+1
...
e6
A1
A1 c5
c5
A1
A1
cn+1
a2
c2
c3
...
cn
A1
A1
c2
...
cn−1
Table 14. Hasse diagrams for the first three families of quivers in Table 11, and for the generalised
H/Z2 family of quivers in Table 13.
Through quiver subtraction the Hasse diagrams of the Higgs branches are obtained. A goal
for the future would be a systematic study of magnetic quivers for higher rank theories
other than the families discussed here. Current work on classifying these theories may
provide a Cockaigne for the dedicated magnetic quiverist.
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A Two parameter family of orbifold minimal slices hd,k
The k = 2 case for the hd,k orbifolds gives the cd minimal nilpotent orbits and k = 3
gives the cg2 slices [58, 59] generalised to d nodes. Consider the following quiver, with a
non-simply laced edge of multiplicity k (in the drawing, k = 3):
. . .
1
1 1 1 1 1
d
(A.1)
The Coulomb branch is Hd/Zk = (Cd ⊕Cd)/Zk where the action of Zk on the coordinates
(z1, . . . , zd, z
′
1, . . . , z
′
d) ∈ Cd ⊕ Cd is given by
ζ · (z1, . . . , zd, z′1, . . . , z′d) = (ζz1, . . . , ζzd, ζ−1z′1, . . . , ζ−1z′d) (A.2)
for ζ = e2ipi/k.3 The global symmetry is U(d) (or Sp(d) for k = 2) and the Hilbert series
can be computed as a Molien sum. Hence, the HWG reads
HWG(µi, q, t) = PE
[
t2 + µ1µd−1t2 +
µk1
qk
tk + µkd−1q
ktk − µk1µkd−1t2k
]
. (A.3)
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